INTRODUCTION
A polymer molecule can be represented as a thread, which is long and more or less flexible. However, we also know that a common thread or a rope tends to tangle and form knots. By analogy, it seems reasonable to assume that, under random thermal motion of any long polymer chain, being either in a dilute or concentrated liquid system, numerous knots should be formed. On the whole, this assumption seems correct, even though much effort is required to understand how long a chain should be in order to be sufficiently long and how long one should wait for a time to be sufficiently long. The objective of this paper is to discuss the results accumulated in the literature on this topic, as well as related problems.
To avoid any confusion, it seems reasonable to start with terminology. The problem is that, in polymer science, the term 'knot' is used to define absolutely different things, for example, covalent crosslinks in a network. In the case under consideration, we are dealing with a shoelace knot. To be more precise, in mathematics, the term knot refers to any closed continuous line without any self-crossings embedded in a three-dimensional space (see [1] ); in this case, a nontrivial knot is a knot that cannot be transformed into a simple loop, for example, into a circle, by its continuous motion without any crossings. In this work, the term knot refers to a true mathematical knot when a polymer is closed; however, even when a polymer is linear and chain ends are not closed, we will discuss knots by generalizing the exact definition. For brevity's sake, a trivial knot could be specified as an unknot and a nontrivial knot as a knot.
Historical Remarks
Initially, knots have been introduced into physics, mathematics, and chemistry without any relation to polymers (well before the discovery of their chain structure). Speculating on the nature of discreteness of chemical elements, in 1867, Thomson (Lord Kelvin) made the following comments [2] : if an ether is an ideal fluid and if some vortices are generated there, and fluid circulates about closed lines (similar to those shown in Fig. 1 ), there would be a discrete set of objects, which are not transformed into each other (according to Helmholz's theorem, in an ideal fluid, vortex lines cannot cross each other). One can imagine that knots shown in Fig. 1 were thought to present the atoms of hydrogen, helium, etc. Tait, a collaborator and friend of Thomson, started his work on the tabulation of all possible knots, and his advances in this direction went much farther than our presentation in Fig. 1 ; he also endeavored to analyze their oscillations in his attempts to explain
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Over the following century, knots were a subject of interest only two mathematicians [6] . In particular, the tables of knots have been supplemented and revisited. At the present time, due to the existing computer algorithms, a complete list of all possible knots having up to 16 crossings on a projection is available; the number of knots quickly increases with the increasing number of crossings (Fig. 2) . Therefore, there are many types of knots. In 1985, the work [7] triggered an intensive development of the mathematical theory of topological invariants.
In the physics of knots, another principal step, after the distinguished work by Thomson, is concerned with the formulation of the Delbrück-Frisch-Wasserman conjecture made in 1962: independently of each other, Delbrück [8] (for DNA), and Frisch and Wasserman [9] (for conventional polymers) surmised that numerous spontaneously formed knots should be typical of any polymer of sufficient chain length. Within 15 years, pioneering works by Frank-Kamenetskii [10] et al. triggered the development of computer-aided simulation of polymer knots; the lion's share of our whole knowledge on this subject comes from computer-aided simulation.
In recent years, our understanding in the physics of knots has substantially widened. Speculations similar to the Thompson model breathed new life into string theory [11] . Furthermore, knots exist as stable solitons even in the classical field theory [12] . Here, we will reduce our attention to only knots in polymers.
Two Types of Problems on Knots
It is noteworthy that there are two fundamentally different types of problems on knots in polymers.
On the one hand, one can imagine the process in which a polymer is tied in a knot; then, the related problem is concerned with the probability of finding a knot of a given topological type. For example, in the problem on DNA with sticky ends, where a chain closes into a ring at rates slower than the relaxation time of a linear polymer, the probability of the given knot is governed by its entropy or, simply, by the number of conformations accessible for a given topology.
On the other hand, when a knot already exists, then it is necessary to define how the type of entangled knot affects the observed physical characteristics of a polymer (for example, coil dimensions in a given solvent).
We will consider problems of both types.
THE SIMPLEST MODEL
In 1958, the mathematician Spitzer [13] solved the following problem. Let us consider a random (Brownian) walk on a plane and let us assume that the walk trajectory can pass through all points on a plane, except for the origin of coordinates, 0 (Fig. 3) . By itself, the punctured (deleted or pinched) point, being the only one, has no effect on anything. In the language of polymers, this implies that we are dealing with a Gaussian chain in the presence of an infinitely thin linear bar passing through point 0 along the direction perpendicular to a given plane. The following question arises: what is the probability that, within time t , the walk trajectory will perform n turns about point 0? Knowing nothing about work [13] , Edwards [14] , as well as Prager and Frisch [15] , addressed this problem directly from the standpoint of polymers. References to followup studies on this model are presented in [16] ; in particular, exact solution is provided for the generalized model, in which an obstacle is represented not by a pinch point but by a disc of a finite radius b . The main results useful for understanding the behavior of polymers can be formulated as follows. . Even though, theoretically, one can expect that the dependence of Κ n on n should be exponential in asymptotics n ∞ , the data show that, up to n = 16, an increase in Κ n is much quicker than exponential. This fact is waiting for its explanation.
